Abstract. In this paper, enveloping Lie superalgebras of Bol superalgebras are introduced. The notion of Killing-Ricci forms and invariant forms of these superalgebras are investigated as generalization of the ones of Bol algebras.
Introduction
Bol algebras were introduced in [10] in the context of a study of smooth Bol loops defined by the identity (xy · z)y = x(yx · y).
The algebras play the same role with respect to Bol loops as Lie algebras do with respect to Lie groups or Malt'sev algebras, to Moufang loops [16] .
A vector space V equipped with a trilinear operation [, , ] is called a Lie triple system if A related notion is that of a Lie triple algebra, introduced under the name generalized Lie triple systems, by Yamaguti [19] and called later Lie Yamaguti algebra [8] .
From the standard enveloping Lie algebra of a given Bol algebra, the notion of Killing-Ricci form and invariant form for a Bol algebra are introduced and studied in [9] .
A Z 2 graded generalization of Lie algebras, called Lie superalgebras is considered in [5, 17] while a Z 2 graded generalization of Lie Yamaguti algebras called Lie Yamaguti superalgebras were first considered in [12] and generalize Lie supertriple systems [18] . The reader may refer to [11] for applications of Lie supertriple systems in physics. As Lie Yamaguti superalgebras, Bol superalgebras first introduced in [15] may also be viewed as a generalization of Lie supertriple systems. For relations between Malcev superalgebras and Bol superalgebras, one may refer to [4] .
As a part of the general theory of superalgebras, the notion of Killing form of Lie algebras is extended to the one of Lie triple systems [14] , Lie superalgebras [17] , Lie supertriple systems [6] , [13] , and next Lie Yamaguti superalgebras [20] .
In this paper, we define enveloping Lie superalgebras and the Killing-Ricci form of Bol superalgebras, study this Killing-Ricci forms which could be seen as a generalization of the one of Bol algebras [9] and the Killing form of Lie supertriple systems [6] , [13] .
The rest of this paper is organized as follows. In section 2, we first recall some basics on Lie and Malcev superalgebras as well as Lie supertriple systems and Bol superalgebras. In section 3, we define the notion of pseudo superderivations (Definition 3.1 ), study their properties (Lemma 3.3) and introduce the notion of enveloping Lie superalgebras of Bol superalgebras (Definition 3.9 ). In section 4, the Killing-Ricci form of Bol superalgebras is defined (Definition 4.1) and some of its properties are investigated (Theorem 4.2, Proposition 4.5, Lemma 4.6). In the next section, the invariant form of Bol superalgebras is defined (Definition 5.1) and some results are obtained ( Lemma 5.4 , Theorem 5.5).
Throughout this paper, all vector superspaces and superalgebras are finite dimensional over a fixed ground field K of characteristic 0.
Some basics on superalgebras
We recall here some useful definitions and examples of Lie supertriple systems as well as the ones of Bol superalgebras. These examples are obtained from the relation between Malcev superalgebras and Bol superalgebras which could be found in [4] . Now let M be a linear super-space over K that is a Z 2 -graded linear space with a direct sum M = M 0 ⊕ M 1 . The elements of M j , j ∈ Z 2 , are said to be homogeneous of parity j. The parity of a homogeneous element x is denoted byx. For all i, j ∈ Z 2 , i + j will always means that this sum is calculated modulo 2. 
for all x, y, z ∈ H(A). In term of the super Jacobian
the superJacobi identity is written SJ(x, y, z) = 0 for all x, y, z ∈ H(A).
Another class of superalgebras that is of interest in this paper is the one of Malcev superalgebras.
) is called a Malcev superalgebra if it satisfies the following super identities:
(super ternary Jacobi identity) (2) A Lie supertriple system [18] , [21] is a supertriple system (S = S 0 ⊕ S 1 , [, , ]) such that the super ternary Nambu identity
holds for all x, y, u, v, w ∈ H(S).
holds for all x, y, u, v, w ∈ H(S). 
holds forall x, y, u, v ∈ H(B).
In [4] we proved that any Malcev superalgebra
) equipped with a trilinear operation {, , } where
This allows us to get the following example of Bol superalgebra from an example of a Malcev superalgebra [1] .
) be a non-Lie Malcev superalgebra [1] defined with respect to a basis (e 1 , e 2 , e 3 , e 4 ) where From [4] we also get the following example. 
If H is an ideal of B, it is an invariant subsuperalgebra of B. Obvious the center of a Bol superalgebra B defined by Z(B) = {x ∈ B, xy = 0 and [x, y, z] = 0, ∀y, z ∈ B} is an ideal of B.
Recall [5] that if V = V 0 ⊕ V 1 is a vector superspace then, the set of the linear mappings of V into itself which are homogeneous of degree r is denoted by
fḡgf makes End(V ) into a Lie superalgebra which we denote by l(V ) or l(m, n) where m = dimV 0 and n = dimV 1 . Let e 1 , · · · , e m , e m+1 , · · · , e m+n be a basis of V. In this basis the matrix
and γ an (n × m)− matrix. The matrices of even elements have the form α 0 0 δ and those of odd ones 0 β γ 0 . For f = α β γ δ , the supertrace of M is defined by str(M ) = trα − trδ and does not depend on the choice of a homogeneous basis. We have str([f, g]) = 0 that is str(f g) = (−1)fḡstr(gf ) and str(hf h −1 ) = str(f ).
Enveloping Lie superalgebras of a Bol superalgebra
As derivations for algebras, superderivations of different superalgebras are an important subject of study in superalgebra and diverse area. They appear in many fields of mathematics and physics. In particular, they allow the construction of new superalgebras structures. In the case of Bol superalgebras, instead of superderivations, we have the notion of pseudo superderivations. They generalize pseudo derivations for Bol algebras [16] and superderivations for Lie supertriple systems [21] and allow the construction of enveloping Lie superalgebras of Bol superalgebras.
Note that a pseudo superderivation P can have more than one companion. Let denote the set of all companions of a pseudo superderivation P by Com(P ).
Let pS r (B) be the set of all pseudo superderivations of degree r and pS(B) = pS 0 (B) ⊕ pS 1 (B). Further let P S r (B) = {(P, a), P ∈ pS r (B), a ∈ Com(P )} and P S(B) = P S 0 (B) ⊕ P S 1 (B).
For any pseudo superderivations P, Q ∈ pS 0 (B) ∪ pS 1 (B) of a Bol superalgebra B, consider the supercommutator given by [P, Q] := P Q − (−1)PQQP . Then we have:
Proof. Let (P, a) ∈ P S r (B), (Q, b) ∈ P S r (B), (R, c) ∈ P S s (B) and λ ∈ K. The first statement is straightforward computation.For the second statement, pick x, y, z, u, v ∈ B 0 ∪ B 1 . Then using repeatedly (7) for P and R, we prove (7) for [P, R] as follows
Thus we get (7) and therefore by (7) and (9) for P and R we get: then we get (8) . That ends the proof. Now, we can prove the following result. Proof. The proof follows by Lemma 3.3 and the fact that pS(B) is a Lie superalgebra since it is straightforward to check that pS(B) is a subsuperalgebra of the Lie superalgebra End(B).
Definition 3.5. P S(B) is called the enlarged Lie superalgebra of pseudo superderivations of a Bol superalgebra B.
Let B = B 0 ⊕B 1 be a Bol superalgebra. For any x, y ∈ B 0 ∪B 1 , denote by D x,y , the endomorphism of B defined by D x,y (z) := [x, y, z] for all z ∈ B. We have, for any x, y ∈ B 0 ∪ B 1 , r ∈ Z 2 , D x,y (B r ) ∈ B r+x+ȳ , that is, D x,y is a linear map of degreex +ȳ. Moreover, it comes from (BS 4 ) and (BS 5 ) that
for any x, y, u, v in B 0 ∪ B 1 . It follows that D x,y is pseudo superderivation of degreex +ȳ and companion xy, called inner pseudo superderivation of B.
Now one can reformulate the definition of a Bol superalgebra in the following manner. Let ipS r (B, B) be the vector space spanned by all inner pseudo superderivations D x,y (x, y ∈ B 0 ∪ B 1 andx +ȳ = r ∈ Z 2 ). We can define naturally a Z 2 −gradation by setting ipS(B, B) = ipS 0 (B, B) ⊕ ipS 1 (B, B) .
Evidently, ipS(B, B) is a subsuperalgebra of the Lie superalgebra pS(B).
Accordingly, IP S(B, B) can be introduced as the set of all pairs (P, c), where P ∈ ipS(B, B), c ∈ Com(P ). Evidently, IP S(B, B) is a subsuperalgebra of the Lie superalgebra P S(B).
Definition 3.7. IP S(B, B) is called the enlarged Lie superalgebra of inner pseudo superderivations.
Let B = B 0 ⊕ B 1 be a Bol superalgebra, H = H 0 ⊕ H 1 be a subsuperalgebra of P S(B) such that IP S(B, B) ⊆ H.
Then we have:
Proof. It is clear that the operation [, ] is supersymmetric. For the Jacobi superidentity, there is many cases to distinguish. First for all x, y, u in
= 0 (by (7) ) i.e.,
Next the other cases when the three elements are in B 0 ∪ B 1 or H 0 ∪ H 1 follow from (HBS 3 ) and the fact that H is a Lie superalgebra.
Definition 3.9. An enveloping superalgebra of a Bol superalgebra B is a Lie superalgebra L H (B) defined above.Taking H = P S(B) we obtain the maximal enveloping superalgebra, taking H = IP S(B, B) we obtain the minimal (standard) enveloping superalgebra.
The following result will be used in the last section. Proof. It suffices to prove that [K, L] ⊆ K which is a straightforward computation.
killing-Ricci forms of Bol superalgebras.
The definition of the Killing-Ricci form given here for Bol superalgebras stems from [9] where the Killing-Ricci form for Bol algebras is defined following [7] as the restriction of the Killing form of the standard enveloping Lie algebra of the given Bol algebra to this later. Let B = B 0 ⊕ B 1 be a an ndimensional Bol superalgebra and L(B) = (B 0 ⊕IP S 0 (B, B))⊕(B 1 ⊕IP S 1 (B, B) ) := B⊕IP S(B, B) its standard enveloping Lie superalgebra. Let α be the Killing form of L(B) and β, the restriction of α to B × B. From [9] , we introduce the following definition: For any x, y ∈ B 0 ∪ B 1 , define the endomorphism R x,y of the vector superspace B by
The next result gives an explicit expression of β. 1 (B, B) , respectively. It suffices to prove (15) for all elements x, y in the basis i.e., β(e i , e j ) = α(e i , e j ), β(e i , f j ) = α(e i , f j ), β(f i , f j ) = α(f i , f j ). For these bases, we express the operations of B and ISP (B, B) , using the tensor notation (i.e., repeated indices imply summation), as follows:
, we have str(R e i ,f j + R f j ,e i ) = 0 and then β(e i , f j ) = 0 = α(e i , f j ) (consistency property of α). Hence, it remains to show that β(e i , e j ) = α(e i , e j ), β(f i , f j ) = α(f i , f j ). The identities (12) and (13) imply the following:
Thus from the relation β(e i , e j ) = α(e i , e j ) = str(L e i L e j ), we get
From the other hand, we have 
from (16) and (17), we obtain β(e i , e j ) = str(R e i ,e j + (−1)ē iē j R e j ,e i )
Again, the identities (12) and (13) imply the following:
From the other hand, we have
By interchanging i and j, we get
Next we get (19) and therefore from (18) and (19), we obtain
whereby relation (15) 
Proof. We know [5] that if α is a Killing form of any Lie superalgebra, then α satisfies the relation Hence the proposition is proved. The following result will be used below. for all x, y, z, u ∈ B 0 ∪ B 1 .
Proof. We know that in any Lie supertriple system with an invariant form, the relations (22)-(24) are inquivalent [6] . The proof then follows from the fact that the Killing-Ricci form of B is an invariant form of B S .
Invariant forms of Bol superalgebras
In this section, we introduce the concept of invariant forms of Bol superalgebras as generalization of those of Bol algebras and Lie supertriple systems. for all x, y, z, u ∈ B 0 ∪ B 1 .
Remark 5.2. If B is reduced to a Lie supertriple system (resp. a (left) Bol algebra), then b is reduced to an invariant form to a Lie supertriple system [6, 13] , (resp. a (left) Bol algebra) which can be deduced from the one of a (right) Bol algebra [9] Let b be an invariant form of a Bol superalgebra B = B 0 ⊕ B 
